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Abstract
In this paper, geometric properties of the self-adjoint Sturm–Liouville problems are investigated.
It is proved that for linear self-adjoint Sturm–Liouville problems, the eigenfunctions correspond
exactly to the projections of the curvature lines on the energy functional surface with an appropriate
metric and that the eigenvalues correspond exactly to the principal curvatures (at the origin) of the
same energy functional surface.
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1. Introduction
Sturm–Liouville problems, especially the self-adjoint ones, received extensive studies
in the last century [1]. The self-adjoint Sturm–Liouville problem appears in various fields:
vibrations of elastic structures (beams, plates, etc.), buckling of structures, quantum me-
chanics, etc. When solving linear partial differential equations, the method of separation
of variables is often adopted, usually leading to the second-order or higher-order Sturm–
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is viewed as a codimension-1 hypersurface in an infinite-dimensional Hilbert space. Then,
the geometric properties of the energy functional are investigated. The equation of cur-
vature lines on infinite-dimensional hypersurface is established. The eigenvalues of the
Sturm–Liouville problem are exactly the principal curvatures of the energy functional sur-
face with the weight function as its metric; the eigenfunctions are exactly the projections
of the curvature lines of the same energy functional surface.
2. Energy functional surfaces
Consider the following self-adjoint second-order Sturm–Liouville problem [1]:
d
dx
(
p(x)
dw
dx
)
− q(x)w + λρ(x)w = 0, 0 x  L, (1)
where p(x) > 0, q(x) 0, and ρ(x) > 0. Note that the function ρ(x) is sometimes called
the weight function. In order for the Sturm–Liouville problem (1) to be self-adjoint, suit-
able boundary conditions should be attached. For example, in the longitudinal vibration
problem of rod with fixed–fixed ends, boundary conditions w(0) = w(L) = 0 are attached.
Here, for simplicity, only the zero boundary conditions are considered. The corresponding
energy functional is
U = 1
2
L∫
0
(
p(x)
(
dw
dx
)2
+ q(x)w2
)
dx. (2)
Note that in many cases, say, in the longitudinal vibration of rods and the buckling of
beams, the functional U in (2) actually corresponds to the strain energy of the system, so
naturally, it gets the name “energy functional.” The functional U in (2) can be viewed as a
codimension-1 hypersurface in an infinite-dimensional Hilbert space H1. The collective of
functions w(x) spans another infinite-dimensional Hilbert space H11, which is a subspace
of H1. If the space H11 is endowed with the function ρ(x) as metric, then the energy
functional U in (2) will be a ρ(x)-metric functional. Introducing the transformation:
u(x) =√ρ(x)w(x), (3)
the ρ(x)-metric functional U(w(x)) is transformed into a (unit) 1-metric functional
V (u(x)):
V
(
u(x)
)= 1
2
L∫
0
(
p(x)
(
d
dx
u(x)√
ρ(x)
)2
+ q(x)
ρ(x)
u(x)2
)
dx. (4)
So, the codimension-1 hypersurface z = U(w(x)) in the space H1 is transformed to an-
other codimension-1 hypersurface z = V (u(x)) in another infinite-dimensional Hilbert
space H2. Note that the assembly of functions u(x) spans another infinite-dimensional
subspace H21 of a Hilbert space H2. In the next section, the first and second fundamental
forms of the energy functional surfaces are established, and the equations of the curvature
lines are constructed.
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In this section, the equations of curvature lines on the infinite-dimensional surface z = V
in H2 are constructed as an extension of the finite-dimensional case.
Similar to the 2-dimensional surfaces (see [2,3]), any point on the surface z = V can be
described by a vector-valued functional r(u(x)),
r = [u(x),V (u(x))]. (5)
The first variation of r is
δr = [δu, δV ]. (6)
So, as a generalization of the case of the 2-surfaces, the first fundamental form of the
infinite-dimensional surface z = V is
I (δu1, δu2) = 〈δr1, δr2〉 =
L∫
0
δu1δu2 dx + δV1δV2, (7)
where δri denotes the variation of r with respect to δui , and δVi stands for the variation
of V with respect to δui . The δVi can be further expressed as follows:
δVi =
L∫
0
(
− 1√
ρ(x)
d
dx
(
p(x)
d
dx
u(x)√
ρ(x)
)
+ q(x)
ρ(x)
u(x)
)
δui(x) dx, i = 1,2. (8)
Similarly, in order to define the second fundamental form of the surface z = V , the follow-
ing second variation of r must be introduced:
δ2r(δu1, δu2) =
[
0, δ2V (δu1, δu2)
]
, (9)
where δ2V (δu1, δu2) is a bilinear functional of δu1 and δu2, and takes the following form:
δ2V (δu1, δu2) =
L∫
0
(
− 1√
ρ(x)
d
dx
(
p(x)
d
dx
δu1√
ρ(x)
)
+ q(x)
ρ(x)
δu1
)
δu2 dx. (10)
The normal vector of the infinite-dimensional surface z = V (u(x)) is
∇(z − V (u(x)))= [−δV
δu
,1
]t
, (11)
where the symbol ∇ stands for the gradient operator in the infinite-dimensional space H ,
while the superscript t denotes the transpose of vectors. Consequently, one obtains the unit
normal vector as follows:
n = 1(
1 + ∫ L0 ( δVδu )2dx)1/2
[
− δV
δu
1
]
. (12)
Therefore, the corresponding second fundamental form is obtained as
II(δu1, δu2) = 〈δ2r, n〉 = 1( ∫ ( ) ) δ2V (δu1, δu2). (13)
1 + L0 δVδu 2 dx 1/2
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as follows:
δII(δu1, δu2)
δu2
= µδI (δu1, δu2)
δu2
, (14)
where, µ is the principal curvature, and δu1 in (14) denotes the tangent direction of the line
of curvature of the surface z = V (u(x)). Note that Eq. (14) appears to be different from the
equation for the curvature lines on 2-surfaces (see [2,3]) but it can be easily verified that the
usual equation of curvature lines is included as a special form of (14). Obviously, without
loss of generality, the subscript of δu1 can be dropped. Finally, (14) takes the following
form:
1(
1 + ∫ L0 (− 1√ρ(x) ddx (p(x) ddx u(x)√ρ(x) )+ q(x)ρ(x)u(x))2 dx)1/2
×
(
− 1√
ρ(x)
d
dx
(
p(x)
d
dx
δu(x)√
ρ(x)
)
+ q(x)
ρ(x)
δu(x)
)
= µ
(
δu(x) +
(
− 1√
ρ(x)
d
dx
(
p(x)
d
dx
u(x)√
ρ(x)
)
+ q(x)
ρ(x)
u(x)
)
×
L∫
0
(
− 1√
ρ(x)
d
dx
(
p(x)
d
dx
u(x)√
ρ(x)
)
+ q(x)
ρ(x)
u(x)
)
δu(x) dx
)
. (15)
These are the equations of the curvature lines on the surface z = V . Note that this surface
is located in the space H2. By inverting the transformation (3), one can easily get the
corresponding equations of curvature lines on the surface z = U(w(x)) in the space H1:
1(
1 + ∫ L0 1ρ(x) (− ddx (p(x) ddx w(x))+ q(x)w(x))2 dx)1/2
×
(
− d
dx
(
p(x)
d
dx
δw(x)
)
+ q(x)δw(x)
)
= µ
(
ρ(x)δw(x) +
(
− d
dx
(
p(x)
d
dx
w(x)
)
+ q(x)w(x)
)
×
L∫
0
(
− d
dx
(
p(x)
d
dx
w(x)
)
+ q(x)w(x)
)
δw(x)dx
)
. (16)
It should be stressed again that the function u(x) lies in the 1-metric space H21, while the
function w(x) lies in the ρ(x)-metric space H11. In the next section, the relations between
the principal curvatures µ, the lines of curvature of the infinite-dimensional hypersurface
z = U(w(x)), the eigenvalues λ and the eigenfunctions of the Sturm–Liouville problem (1)
will be established.
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Our main results are included in the following proposition.
Proposition. The projection of each of the curvature lines on the surface z = U onto the
space H11, with the function ρ(x) as its metric, corresponds to one of the eigenfunctions
of the Sturm–Liouville problem (1). Furthermore, each of the principal curvatures at the
origin of the space H11, with the same metric ρ(x), of the surface z = U in the space H1
corresponds to one of the eigenvalues of the Sturm–Liouville problem (1).
Proof. Our proof is essentially based on the following observations. (a) Suppose wi(x)
and λi are the eigenfunctions and eigenvalues, respectively, of the eigenvalue problem (1),
then the following equations hold:
d
dx
(
p(x)
dwi
dx
)
− q(x)wi + λiρ(x)wi = 0, (17a)
L∫
0
ρ(x)wi(x)wj (x) dx = c2δij , (17b)
where c is a non-zero constant. (b) If the curvature line δw(x) and the corresponding
principal curvature µ take the following form:
δw(x) = αwi(x), µ = λi
(1 + λ2i α2)3/2
, (18)
where α is a constant, then, substituting (18) into Eq. (16), one obtains the following iden-
tity:
λiαρ(x)wi(x)
(1 + λ2i α2)1/2
= λiαρ(x)wi(x)
(1 + λ2i α2)3/2
(
1 + λ2i α2
)
. (19)
Note that, according to the second equation of (18), when α = 0, that is, when at the
origin of the space H11, the principal curvature will be equal to one of the eigenvalues
of the Sturm–Liouville problem (1). On the other hand, via the first equation of (18), the
projection of each of the curvature lines onto the space H11, coincides exactly with one
of the eigenfunctions of the Sturm–Liouville problem (1). So the above proposition is
verified. 
5. Conclusions and remarks
From the viewpoint of infinite-dimensional differential geometry, the geometric prop-
erties of the self-adjoint Sturm–Liouville problems are investigated. Our conclusions and
some remarks are as follows:
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tions) of the self-adjoint Sturm–Liouville problems and the geometric quantities (prin-
cipal curvatures and curvature lines) of the energy functionals, is established. With the
weight function ρ(x) chosen as the metric, the eigenvalues and eigenfunctions of the
self-adjoint Sturm–Liouville problems correspond to the principal curvatures and the
projections of the curvature lines on the infinite-dimensional energy functional hyper-
surface, respectively.
(2) In this paper, only the second-order Sturm–Liouville problems are investigated in de-
tail. For higher-order Sturm–Liouville problems [4], for example, self-adjoint fourth-
order Sturm–Liouville problem(
p2(x)w
(2))(2) − (p1(x)w′)′ + p0(x)w = λρ(x)w, (20)
the corresponding energy functional U would be
U = 1
2
L∫
0
(
p2(x)(w
′′)2 − p1(x)(w′)2 + p0(x)w2
)
dx, (21)
and the proposed proposition still holds for (20) and (21).
(3) In the buckling of Euler rods or the transverse vibration of beams, and many other
problems, the energy functional U usually stands for the strain energy of the systems.
In such cases, the principal curvatures of the strain energy functional surface corre-
spond to the critical buckling loads or the squares of the natural frequencies of the
systems, respectively. The projections of the curvature lines correspond to the buck-
ling modes or the vibratory normal modes, respectively.
(4) Further work is needed to investigate whether the proposition proposed in this pa-
per holds for non-linear Sturm–Liouville problems and the non-self-adjoint Sturm–
Liouville problems.
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